This paper provides a new approach to detect changes in the groundwater radon concentration related to an earthquake. We express changes in radon concentration in a radon-detection chamber by using stochastic linear differential equations. These equations are represented by the state space notation, and then its solution is replaced by an estimation of the state vector at discrete points in time with an assumption that the coefficients describing the stochastic differential equations are constant for a sufficiently small time interval. Since the solubility of radon in water depends strongly on temperature, the separation of radon from liquid water, which is necessary for radon detection, causes fluctuations in the observed radon concentrations due to water temperature changes in the chamber. We applied our procedure to some actual data sets on groundwater radon concentration with those on simultaneously observed water temperature, and found that the temperature effects on the fluctuations in the observed radon concentration can be satisfactorily described by our procedure. Furthermore, we were able to estimate the original radon concentration in groundwater before it was introduced into the radon-detection chamber, which was not affected by water temperature changes. The obtained original radon concentrations are very stable during normal periods, and anomalous changes associated with earthquakes were easily detected. Our new method will be very useful to examine time-variation patterns of changes in groundwater radon and will provide important information about the mechanism of radon changes related to earthquakes.
Introduction
Recently, reports on earthquake-related changes in groundwater radon, including preseismic and coseismic, have increased (e.g., Wakita et al., 1989 Wakita et al., , 1991 Igarashi and Wakita, 1990; Igarashi et al., 1993) . It is now certain that the correlation between groundwater radon changes and earthquake occurrences is statistically significant. However, it is still poorly understood what mechanisms lead to changes in groundwater radon before and at the time of earthquakes. More detailed examinations of radon changes such as time-variation patterns may provide important information about the mechanisms of radon changes related to earthquakes.
Continuous measurements of groundwater radon are usually carried out by introducing groundwater into a radon-detection chamber, where separation of radon gases from liquid water occurs. Then, the radon concentration in the gas phase of the chamber is measured by an x-ray detector mounted at the top (e.g., Noguchi and Wakita, 1977) . Because the degassing flux of radon from liquid water depends on temperature, the measured radon concentration can fluctuate due to temperature changes even if the original radon concentration in groundwater remains constant. Furthermore, the time required to replace radon atoms in the radon-detection chamber with those degassed from newly introduced groundwater should be taken into account since this may result in a time delay between the observed radon changes and those in the original groundwater. Hence characteristics of a radon-detection system should carefully be evaluated before examining time-variation patterns of earthquake-related radon changes.
In this study, we express radon concentration changes in a radon-detection chamber by stochastic differential equations. We introduce the state-space notation (Kalman,1960; Jazwinski, 1970; Gelb, 1974; Anderson and Moore,1979) for solving these equations. Kalman (1960) advanced optimal recursive filter techniques based on the state-space formulation to estimate the state of the linear system. To measure the goodness of fit of the model to data, we adopt an information criterion which determines the optimal form for describing system and observation errors (Akaike, 1980; Gersch and Kitagawa, 1988) . Then, by applying it to some observed radon data, we attempted to examine precisely the temperature effect and time delay in the measured radon concentrations, and to estimate time-variation patterns of original radon concentrations in groundwater before it is introduced into the radon-detection chamber.
Stochastic Differential Equations
We consider a radon-detection chamber whose inside consists of two homogeneous phases, gas and liquid phases. Figure 1 is a schematic figure of the chamber developed by Noguchi and Wakita (1977) . Radon concentration changes in the chamber can be expressed by the following differential equations (Igarashi et al., 1993) , (1) (2) Table 1 gives the notation for these equations. Since an a-ray detector is mounted at the top of the gas phase, what we can observe as radon concentration is Cg. We do not have direct observational data on C1 and C0.
According to Liss and Slater (1974) , gas exchange through the boundary between the gas and liquid phases is controlled by a very thin liquid surface layer where material movement is subject to molecular diffusion, and gas flux from the liquid phase can be approximated as Time Series Analysis of Groundwater Radon Fig. 1 . Schematic figure of a radon-detection chamber. 
where k1 is a gas exchange constant for the liquid phase and HRn is the Henry's law constant of solubility of radon in water (HRn= Cg/Ci in an equilibrium state). Although there are some empirical estimates of gas exchange constants appropriate for the sea surface (Liss and Slater, 1974) , it is not certain whether we can apply those empirical estimates to the radon measuring system. Therefore, we will use an empirical estimate of k, (0.144 cm/min for 222Rn) as an initial value and will estimate the optimal value of lc,. The Henry's law constant HR" is a function of temperature. To calculate HR,, from observed values of water temperature in the chamber (T, [°C]), we use the following formulation, which we determined from the data tabulated in Wilhelm et al. (1976) . Putting Eq. (3) to Eqs. (1) and (2), the differential equations for describing the physics of our problem are rewritten as (5) (6) where (7) In these equations, Co represents the system random disturbances. Although we can consider a number of models for system disturbances, we here assume that Co is represented by a random walk process. Accordingly, its system dynamic (differential) equation is given by (9) where Ft is the system dynamic matrix defined by (10) Time Series Analysis of Groundwater Radon and G, is the time-independent matrix defined by Gi=G= [0, 0, 1]T. In other words, the rate of change of the state vector consists of two terms. The first, F,x, would be a deterministic rate of change if F, were known. The system dynamic matrix F, is considered to vary with temperature. The second term is random noise. The first step for solution of the system dynamic equation is to get the transition matrix which allows calculation of the state vector at some time t = t1, given knowledge of the state vector at t= to, in the absence of wt. When the matrix F, is time-invariant, the transition matrix, 0(4, to), is determined by (11) In our case, when the temperature can be assumed to be constant during a small interval between to and t1, F, becomes the time-invariant during this interval. Hereafter we, explicitly indicate this time-invariant matrix F, between to and t1 by F. Derivation of 0(4, to) is given in Appendix A.
The obtained transition matrix yields the solution of the dynamic equation of Eq. (9) given by (12) This representation provides the discrete state space representation (13) where (14) i,to and v" are called the system noise and observation noise, respectively. y11 is an observation at time t= tl.
The (i,j) element of the variance and covariance matrix of //too, designated is determined by calculating E [14,,1o] , where ui,,10 is the i-th component of the vector utt0. Derivation of Q,i;.",.0 is given in Appendix B. d) water temperature and (e) radon concentration. The data were taken at the KSM station, northeast Japan (Igarashi and Wakita, 1990) . Radon concentrations are expressed as cpm (count per minute). Major earthquakes are shown with their magnitudes (reported by Japan Meteorological Agency) and hypocentral distances from the KSM station.
The measurements of yn (Cobs) and T1 ,,, (Water-T) are taken hourly, and in our case this leads to a poor assumption for temperature invariance during the sampling interval. As a result, the transition matrix 0, defined by T1 ," is inappropriate for the transition matrix applied throughout the interval t"_, and t". To deal with this problem, we generate the minutely temperature data by linearly interpolating an original time series, T. Namely, we make a minute data 7," (m =1,
• , 60 x N) from T1 ," (n = 1, • • N). This manipulation is quite natural, because the dependency of temperature on time is definitely gradual in our problem and then the temperature in the liquid phase during a minute can be satisfactorily approximated to be constant.
Correspondingly, we make a new time series Pm (m =1, • • , 60 x N) from the hourly data yn. It should be noted that we do not have to interpolate y", and we simply treat ym for Mod(m, 60)0 0 as a missing value. Consequently, we apply the procedure for estimating the state vector, explained in Sec. 4, to these newly generated time series (ym, Tm) (m =1, • • -, 60 x N).
In Fig. 2(a), (b) , and (c), we show the solution of the maximum AIC with respect to hyper-parameters -r and k1. The obtained optimum values of the hyper-parameters are 1.2= 5.64 x 10' and k1= 0.086 cm/min. The value of k1 is about 40% smaller than the initial value that is estimated from measurements of gas exchange through the air-sea interface. It is interesting that the gas exchange constant estimated for the radondetection chamber is within a factor of two of that for the sea surface.
Since 62 with the minimum AIC is very small, the estimated Cg is almost identical to the observed radon concentration Cobs. It is easily recognized that a large part of the fluctuations in Cg(Cobs) is caused by changes in temperature in the chamber. Complementary fluctuations can be seen in Cl. As a result, the original radon concentration CO was estimated to be nearly constant, except for two changes associated with earthquakes. The amplitude of random fluctuations remaining in C0 is characterized by the hyper-parameter r. A standard deviation of Co from March 1 to 31, when no earthquake-related change was observed, is about 1% of the average concentration. Statistical errors in counting a particles, which correspond to the square roots of the total counts every hour, are also about 1 %; that is, it is impossible to reduce the background fluctuations to less than 1 %. Hence, we have succeeded in estimating the original radon concentrations in groundwater to a level of precision equal to that of the instrument's ability.
Characteristic time constants of response of Cg and C1 to changes in temperature and C0 can be expressed by reciprocals of the eigen values of the matrix Ft,, i.e., col' and co,' (Appendix A). Putting the value of kl and other constants, we obtain 5 h and (DV f..-2.2 min. The large value of coi-1 can be attributed mainly to the small k1 and large Vg. Thus, it is expected that there exists a significant time delay in the response of Cg to changes in temperature and CO. Figure 3 is a close-up of the estimated values of radon concentrations in the chamber (00, Cg, C1), and the observed values of radon concentration (Cobs) and water temperature (Water-T), when the most remarkable post-seismic change occurred. It can be seen that daily variations in Cobs lag behind the temperature variations by several hours. Furthermore, it should be noted that the post-seismic decrease detected in the estimated CO started several hours earlier than the apparent decrease in Cobs. In fact, a correlation coefficient between C0 and Co, becomes largest when a time lag of 5 h is assumed. Thus, our method appears to be very useful for closer examination of the characteristics of actual changes in the original groundwater, which will provide important information about the mechanism of radon changes caused by earthquakes.
Conclusions
By applying our new method of time series analysis to an actual data set on groundwater radon concentration obtained at the KSM station, northeast Japan, we have drawn the following conclusions concerning the characteristics of the radon measuring system and the relationship between the observed and original radon concentration of groundwater. Most of the fluctuations in the radon concentration observed at the KSM station can be explained by changes in radon flux through the interface between the gas and liquid phases in the radon-detection chamber, which is caused by temperature changes. The exchange constant of radon through the interface was determined to be k1=0.086 cm/min, which is within a factor of two of that estimated for the sea surface (Liss and Slater, 1974) .
Fluctuations in the estimated value of the original radon concentration in groundwater is about 1% of the average value, which is as small as the statistical error of cc-ray counting. Thus, the original radon concentration in a normal condition can be regarded as constant within the instrumental uncertainty. Anomalous radon changes associated with earthquakes can be clearly identified in the estimated original radon concentration. There is a time delay of about 5 h in the response of the observed radon concentration to changes both in temperature and the original radon concentration, which can be attributed to the small value of radon flux through the interface between transformation matrix U1,. Accordingly, the exponential eFt1 is determined through the following useful relation (Al)
If we are able to calculate matrix eJt1(t1-t0) analytically, an analytic form of eFti(t1-t0) is easily obtained through Eq. (A1). Although the matrix F" is singular, we can find the matrix J" with a convenient form,
with the transformation matrix Uti, 
